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^ . Abstract 

- ^ . In the first part of tliis paper we investigate tlie operator aspect of higher-rank super- 

^ • symmetric model which is introduced as a Lie theoretic extension of the N = 2 minimal 

model with the simplest case su{2) corresponding to the N = 2 minimal model. In par- 
ticular we identify the analogs of chirality conditions and chiral ring. In the second part 
we construct a class of topological conformal field theories starting with this higher-rank 
supersymmetric model. We show the BRST-exactness of the twisted stress-energy tensor, 
find out physical observables and discuss how to make their correlation functions. It is 
emphasized that in the case of su{2) the topological field theory constructed in this paper 
is distinct from the one obtained by twisting the N = 2 minimal model through the usual 
procedure. 
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1. Introduction 

Over the past several years the N = 2 minimal model [|l| has been a useful testing 
grounds for various theoretical ideas, especially those of geometrical and topological origins. 
It is natural to ask whether one can invent any interesting generalizations of the N = 2 
minimal model and, if such generalizations ever exist, what kind of insights one can gain 
from them. As discussed in 0,^ , it is not difficult to imagine a class of models described 
by a set of free bosons and parafermions associated with an arbitrary simple Lie algebra g 
which reduce to the N = 2 minimal model when specialized to g = su{2). The approach 
taken there was primarily through branching relations. A simple analysis on these relations 
suggested the existence of 'supersymmetry' generalizing N = 2 superconformal symmetry 
and the spectra of (analogs of) chiral primary states and the Ramond ground states were 
derived. We will refer to these models as higher-rank supersymmetric models. 

The first aim of this article is to elaborate on the operator aspect of these models. We 
first review some basic properties of the WZW model and the associated parafermions in 
sect. 2. In sect. 3, after recalling the construction of the models, we consider the structure 
of chiral algebra and spectral fiow. Then we investigate the chiral primary state conditions 
and the chiral ring together with their connections to the Ramond ground states. These 
results are mostly direct generalizations of the essential features of the N = 2 minimal 
model, however, we will find that some properties observed in the N = 2 minimal model 
are due to the specific nature of su{2). 

One of the important characteristics of the N = 2 minimal model is that they can 
be 'twisted' yielding a class of topological field theories [Q as discussed in [||. This line 
of thought was further pursued in [^|^ . Furthermore, it was investigated in for A^ = 2 
hermitian symmetric space models how the twisting procedure can be seen at the level 
of characters. A natural question would be whether we can similarly make topological 
field theory out of our higher-rank supersymmetric model. Investigating this problem is 
the second aim of the paper. As it turns out in sect. 4 the answer to this question is a 
qualified yes: topological field theory we are able to construct for an arbitrary g is not 
strictly of the type we usually associate with the N = 2 minimal model. Our reasoning 
rests critically on the BRST-exact expression of the twisted stress-energy tensor originally 
proposed in in the context of c = GKO coset models. Actually a large portion of 
this paper is concerned with the (partial) proof of this formula. The next step is to seek 
BRST invariant physical observables and study their correlation functions. To produce 
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viable correlation functions among the basic physical observables we have to introduce 
extra BRST invariant operators. As a consequence of this the topological conformal field 
theory we consider here for g = su{2) is distinct from the one for the N = 2 minimal 
model in the ordinary sense. We then comment on perturbations of our topological field 
theory and finally will speculate on the relation to G/G theory ^ . 

In sect. 5 concluding remarks are given while appendix contains several formulas to be 
used in sect. 4 in evaluating multiple integrals. 

A preliminary account of this work was reported in . 

2. WZW model and Parafermions. 

In this section we briefly summarize some basic properties of the WZW model and 
the associated parafermions p!0|- [T^] for the sake of later convenience. 



We start with fixing our notation for Lie algebras. Let g be a finite-dimensional simple 
Lie algebra of rank n and let ai, . . . , a^ be its simple roots. The set of positive roots of 
g is denoted by A_(_ so that A = A_(_ U (— A_(_) is the whole set of roots. We always follow 
the convention such that any long root of g has length \/2 and hence 9^ = 2 where 9 is the 
highest root of g. For any root a its coroot is defined by a^ = -^ a. Define a symmetric 
matrix G by {G)ij = a/ ■ aj. The fundamental weights wi, . . . , w^ are dual to the simple 
coroots: iVi ■ a^ = Sij . Let P be the weight lattice of g and let M be the coroot lattice of 
g. The Weyl vector p is defined to be half the sum of the positive roots. 

The WZW model at level k, where /c is a positive integer, is algebraically described 
by the integrable representations at level k of the (untwisted) affine Kac-Moody algebra 
associated with g. In the Chevalley basis the Kac-Moody algebra is determined by the 
mutual operator product expansions oi Hi{z), z = 1, . . . , n and Ea{z), a G A: 



k{G), 

{z-z' 



H,{z)H,{z') = -^^^ + ..., (2.1a) 



H,iz)E^{z') = ^-^^E^iz') + • ■ ■ , (2.16) 

z — z 



2\ 1 "• 



k{2/a^) , 1_ 



EM)E.M') = j^-L-^ + — -^ ^ u,H,iz') + ■ ■ ■ , (2.1c) 



Nc.,f3 



E^{z)Ep{z') = -^E^+p{z') + ■■■. {2.1d) 



z — z 
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In eq. (|2.1c| ) z^^'s are the integers such that a^ = J27=i ^i^'t ^"^^ i^ eq. (|2.1d|) A^a,/? = if 
a + /3 ^ A and A^a,/3 = il'S + l) ii?a + /9 G A where s is the largest integer such that 
a - s/? G A. 

The stress-energy tensor of the WZW model in the Sugawara form is 



Tsug{z) 



2{k + g) 



J2 {G-').fH,{z)H,{z)\ + Y, y:^"(^)^-(^ 



(2.2) 



where g is the dual Coxeter number of g. As is well-known, the moments of Tsug(^) 
generate the Virasoro algebra with a central charge 



kd 
k + g 



(2.3) 



where d = dimg. 

The generators of the Kac-Moody algebra can be realized in terms of free bosons 



(p{z) = {(pi{z), . . . ,(pniz)) and parafermions ifjaiz), a G A [|Tl],[T2 
Hi{z) = ivka( ■ dip{z), z = l,...,n, 



'2k 



Ea{z) = J^T'ilja{z)\exp ia-(p{z)/\/k 



(2.4) 



" c„ , a G A 



where the cocycle factors Cq commute with Lp{z) and i/^aiz), satisfying 



CaC/5 = e(a,/3)ca+/3, e(a, /?) = ±1 



with 



e(a, /3)e(a -f /3, 7) = e{a, (3 -f 7)e(/?, 7) 
e(a,/3) = (-l)-^+"'^^(/3,a). 
The OPEs of the free bosons and the parafermions are 



(2.5) 



(2.6) 



ipa{z)(ph{z') = -dab log(2 - z') + ■■ 

ipc,{z)ip0{z') = 



K{a,(3) 



I+{z-z'fT^f\z') + -- 



{z - z') 



l\l+a 



jj^i^c+^iz') + 
3 



(2.7a) 
(2.76) 

(2.7c) 



where 



i^(a,/?)e(a,/3) = iVa,/3 



a2/3 



2R2 



2k{a + py ' 

One can assume without loss of generahty e{a, 0) = e(0, a) = e(a, —a) 
e(-/3, -a). 

Substituting (O) in (O), we find that 



1 so that e(a,/3) 



Ts.g(z) = -^a(^(^)-a(^(z): + T(pf)(z) 



T(pf)(^) 



A; 



k + g 



E ^^^'^(^ 



aeA_, 



(2.9a) 
(2.96) 



where we used 



andT^P')(^)=T!Pj)(^). 



y^ (a)a(a)6 = fi"^a6 

aeA+ 



(2.10) 



We now wish to recaU the interacting boson representation of parafermions [|13| as a 
preparation for later use. For simplicity, assume g to be simply-lacedlll and let Xai^) (^ = 
1, . . . , n, 6 = 1, . . . , /c — 1) be free bosons normalized by (Xai^)Xa'i'^') ) ~ ~^aa'Sbb' log(^ — 
z'). Let Ai,...,Aa: be the weights in the vector representation of su{k) which can be 
considered as (/c — 1) -dimensional vectors satisfying 



7 ^ Aj =0, Xi ■ Xj = Sij — — , ^(Ai)a(Ai)6 = Sab ■ 



:2.11) 



i=i 



i=l 



Notice that A{su{k)) = {Xi — Xj \ i ^ j} where A{su{k)) is the set of roots of su{k). Then 
the parafermions can be represented by [|T3 | 



ll^a{z)Cc 



1 

^ X] ■ exp[«a ® Xj ■ x{z)]\c: 

.7 = 1 



J 
a 5 



(2.12) 



The Dynkin diagram of any non simply-laced Lie algebra can be obtained by folding that 



of an appropriate simply-laced Lie algebra. Using this fact, one can find [14| a vertex operator 
construction for the level 1 representation of the affine Lie algebra associated with an arbitrary 
non simply-laced Lie algebra. Hence there is no serious obstacle in extending the results in [jL 
for a non simply-laced g. 



where c^'s are k copies of the cocycle factors of g. In this representation, 



Ti^'\z) = l 



'-\{a-dx{z))-{a-dx{z))\+ J^ \ exp[ia ® /3 ■ x{z)]'. c 



/3eA(sM(fc)) 



(2.13) 



and hence 



T(p^){z) 



k + g 



-^'dxiz)-dxiz)\+ J2 

aeA+ PeA(su(k)) 



^ \exp[ia(g) /3-x{z)]\c1 



(2.14) 



where c^ = cl^c-'_^ for (3 = Xi — Xj. 

Let P^ = {A e E"^i Z>ouJi: A-e < k}. The primary fields of the WZW model are 
given by 



AePj 



(2.15) 



($wzw)a(^) = </'A(^):exp iX-ip{z)/Vk :, 

where A is a weight in the highest weight representation of g with highest weight A and 
(f)x{z) is a parafermionic field of conformal weight 



A ■ (A + 2p) A^ 
' 2k 



(2.16) 



2{k + g) 

The field (p^iz) can be obtained from the parafermionic primary field (p^{z) by repeatedly 
taking OPEs with tp-a{z), a E A+. The conformal weight of ($wzw)a(^) i^ ^A = 

A-(A+2p) 
2{k+g) ■ 

We now comment on the notion of 'charge conjugation' in the WZW model. It is 
convenient to put the theory on a torus. The VT transformation on a torus is given by 
S'^ where 5" is the modular transformation r -^ — I/t (since 5"^ reverses the orientations of 
the two homologically non-trivial cycles on the torus.) Consequently, by CVT invariance, 
S'^ = C where C is the charge conjugation transformation satisfying C^ = 1. Let W be 
the Weyl group of g and let l{w) denote the length of w for each w G W . There exists a 



unique longest element wq in W satisfying |]T5| 



l{wo) = |A+| , Wq =id, 

£{wwo) = £{wow) = £{wo) — £{w) for all w eW , 

woio-i) = —ctp{i) , (z = 1, . . . , n) for some permutation p , 

wo{0) = ~0, wo{p) = -p. 



^2.17) 



The conformal families of the WZW model are labeled by P^ and the conformal blocks 
on a torus are the Weyl-Kac characters XA(r), A G P^. The modular transformation 5" is 



given by |]T^ 



(^)a,A' = (^)l^+l \P/{k + g)M\-"^ Y. (-l)^(")e-^-(^+^HA'+p) _ (2.I8) 



wEW 



Noting that 5' is a symmetric and unitary matrix, it follows that 5"* = SC = CS. Using 
this and (|2.17D it is easy to see that 



(C)a,a' = 5a,A' , (2.19) 

where A = —wq{A) is the highest weight in the complex conjugate representation of the 
irreducible representation of g with highest weight A. Note that A G P^ <S=^ A G P^ and 
^A = ^A by virtue of ( p.l7|) . Therefore the field conjugate to ($wzw)a(-^) i^ given by 
(*wzw)^a(^) satisfying 

($wzw)^(^)($wzw)^(^')) = ^^ _ l^2h, ■ (2-20) 

Before closing this section, we should mention some auxiliary facts to be used in the 
next section. Notice that 

■E_MEM: = T^f\z) - ^:(« ■ d^{z)f\ - ^ia ■ d\{z) . (2.21) 

Define [X]m for any field X{z) of conformal weight Ax and for each m G Z by ^(2) = 
Emezi^Uz-'^'^'' ■ From [^o]^($wzw)a(0)|0) = 0, m > 0, a G A+, we observe that 

[:E_«£;a:]o($wzw)i(0)|0) = 0, aGA+. (2.22) 

Then it follows from (g^ and (|2]2D that 



[Ti'^'^cPimO) = (^« ■ A - ^{a ■ A)2^ cPimO) , a G A+ . (2.23) 



As a consistency check we find 



[T(P%</>i(0)|0) = ^ J2 (^«-^-^(«-^)')<^a(0)|0) 

</>i(0)|0). (2.24) 



aeAn 

A-(A + 2p) A^\ 
2{k + g) 2k) 
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3. Higher-Rank Supersymmetric Models 

We first recall the basic features of the higher-rank supersymmetric models P,^. The 
model consists of free bosons and parafermions in much the same way as in the WZW 
model. The difference arises from a particular choice of the Coulomb gas parameters. We 
set them as follows: 



I k + g 1 

a+ = \l — , Qf-i-Q;- = — — , cto = CK+ + ct- • (3-1) 

The stress-energy tensor of the model is 

T{z) = -l\id^iz)f\+T^^'Hz) 

aGA_|_ m£Z 



(3.2) 



where 

' = 5^^-"^-'L«, (3.3) 



TM) - I 



l\{ia+a-dip{z)f\+T^f\z 

meZ 

and T[z) satisfies the Virasoro algebra with the same central charge as the WZW model, 
namely, the value c given by ( p.3| ). The fundamental fields in the model are 

^t'^{z) = (/>^^(^): expH(a+^ -f- a-u) ■ ipiz)]\ , A G P^ , (3.4) 

where fi G P/gM and u G P/{k + g)M are such that u — fi is a weight in the irreducible 
representation of g with highest weight A. The conformal weight of \l/^''^(z) is 

A-(A + 2p) ju-^)^ , 1^ 2 

~WTJ) 2^+2^"+^ + "-") 

^ A-(A + 2p)-z/^ ^ ^^'^' 

2{k + g) ^2g- 

The higher-rank supercurrents are defined by 

G"{z)^ J^tPMy+''-'^^'^\, aGA. (3.6) 

2 

The conformal weight of G"{z) is A^ = 1 + ^ and, in the case g = su{2), G^'s reduce to 
the two supercurrents of the N = 2 minimal model. We also consider the m(1)" currents 
defined by 

ja(^) = ^a^^(^) = ^^— ija, a = l,...,n. (3.7) 
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The operators G", J and Tq, are the basic generators of the chiral algebra and since 
parafermions can be represented by a set of bosons as mentioned in the previous section, 
one can investigate the structure of the chiral algebra without ambiguity starting from G", 
J and Tq. It turns out that our chiral algebra is non-local as well as non-linear. Here we 
merely quote the OPEs we need in what follows: 

x/f^(«,/3) 



G''{z)G^{z'] 



{z-z'y-'^-^/a 



[G"+^(^') + ---] 



(3.8a) 



a/ J\ 



G''{z)G-'^{z 



d 



+ 



/^2A„-l 



+ 



{z-z'Y^^ {z-z'Y^'^ 



1 



[Z — Z' 



/^2A„-2 



T^{z') + —a-dJ{z') + 
^9 



(3.86) 



The explicit expressions (|3.3| ) , (^]^) and (^]^) imply the existence of automorphism in 
the algebra: 



To,[z) -> T^{z) + - a ■ — — 
9 \ dz 



c ( d(3{z) 



J{z) -^ J{z) +i 



eg df5{z) 



(3.9) 



d dz 
generated by the w(l)" gauge transformation 



1 



ip{z) -^ ip{z) + —(3{z) 
a_(_ 



(3.10) 



where I3{z) is an n-dimensional vector whose components are arbitrary analytic functions. 
Setting in particular /3(z) = ifj log z in (|3.9|) with ff being an n-dimensional vector we have 



Gl 



where 



L'^ {a-ri){a- Jm) + iTiioc ■ rj)'^ ?>m,o 



9 

ja ^ ja ^9 -a e 



2d 



(3.11) 



r-\-a-fj ' 



G'"(;2) = ^ ^-'^-^« G^ . 



(3.12) 



This is a natural generalization of the one-parameter spectral flow in A^ = 2 superconformal 



algebra |17] to the n-parameter flow in the higher-rank case. 



3.1. The NS sector and Chiral Primary Fields 

We next seek for the analogue of the chirahty condition and chiral primary fields in 
N = 2 superconformal field theory [^ . For this purpose let us first define the fields in the 
NS sector as the set of fields A^si^) which are local with respect to ^^{z) : 

G"iz)ANs{0)= Yl z—'^-iG'^ANsm. (3.13) 

reZ-A„ 

If a state |$p) = $p(0)|0), where ^p{z) is a field in the NS sector, is annihilated by all 
the positive-mode generators L^,, J^ and G" ^2 with m > 0, then it is called a primary 
state. A primary state |$p) is labeled by the eigenvalues of Lq and Jg 

Lo|$p) = /i|$p), Jo"|$p) =?a|$p), a = l,...,n. (3.14) 

We also define a chiral state |$c) in the NS sector by requiring 

2g 

where we recall «!,...,«„ are the simple roots of g. 

If a chiral state also satisfies the primary state conditions it is called a chiral primary 
state. Actually we have 

C" ^|$cAp) = 0, />0, aGA+, (3.16) 

' 29 

for any chiral primary state |$cAp)- This can be seen as follows. First it is clear that ( |3.16| ) 
is satisfied when a is a simple root. By resorting to the standard procedure [|T0| , p!9[| one 
can deduce from ( p.8a| ) that in the NS sector 

00 y 

EI^{-a-P/g) I ^a ^13 _\ n^ C"^ 

^^Q \ ^ ^ 2g 9+'-% 5-' 2i P+' 23 

'£a-(„,«G-^_^. (3.17) 



where p, g G Z and 



^(a) _ / iV r(a + l) 
-9- 



1=0 



Suppose that ( p.l6|) is true for two positive roots a and /3 such that a + 13 is again a positive 
root. Then having both sides of ( p.l7|) with p = q = act on the chiral primary state 
l^cAp) we find 

G"t^|$cAp)=0. (3.19) 

Hence taking account of the primary conditions, ( |3.16| ) is also true for the positive root 
a + (3. This completes the proof. 

It also follows from ( |3.8£| ) that in the NS sector 

oo 

C 1 

-^'m{m + 1)5^+^/^0 + ^m+m' - — (m - m' + l)a ■ J^+, 

(3.20) 

where m, m' G Z. Let us consider a secondary state G" ^2 |$p) for a NS primary state 
|$p) and ct G A+. Define the adjoint of G^ by (G^)^ = Gl". Using ( p:20| ) we evaluate the 
norm of this secondary state. It is then immediate to find a bound imposed by unitarity 

K>^cx-q, (3.21) 

where Lq|$p) = ha\^p)- For a chiral primary state this bound is saturated and hence 
there holds a linear relation between its conformal weight h and u{l)^ charge q : 

h = -p-q, (3.22) 

9 



Having G" ^2 with a G A_|_ act on a chiral primary state and evaluating its norm we get 

a unitarity bound 

-a-q<-,, aeA+, (3.23) 

9 d 

and hence we find the restriction 

0</i<— ^c, (3.24) 

~ ~ Ad 

for chiral primary states. As a result the number of chiral primary fields is finite as long 
as the theory is non-degenerate. 

- 10- 



The explicit form of chiral primary fields is obtained as 

{^a{z) = K\z) \AePl] . (3.25) 

Using (|3.20| ) and (|2.23| ) it is easy to check that the conditions ( p.l6|) are fulfilled for |$a) 



and the relation (|3.22|) is satisfied: 



1 . , g . 

-p ■ qa with qa = ^— — A . 
9 k + g 



(3.26) 



Then following the standard argument we find that there are no short-distance singularities 
between two chiral primary fields 



^A{z)^A'iz') ~$A+A'(z') 



(3.27) 



where we should understand that ^a+A'{z) = if A + A' ^ P^. Hence a finite nilpotent 
ring is generated by our chiral primary fields. We will refer to this ring as chiral ring. 
One can more generically consider a set of conditions 






1, 



(3.28) 



2s 



for each w ^W instead of (|3.15|) . Denote as 11,^ the set of primary fields in the NS sector 
obeying (|3.28| ). Then we have 

7^^ = {vl>;^'(% I AgP^}. (3.29) 




Figure 1. The distribution of (/i, q') for U 71.^ in 
the case g = su(3). The /i-axis is chosen to be vertical. 
For easy reference the /i = plane is also depicted. 
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Clearly, in this notation T^ia is the chiral ring mentioned above. As in the WZW model, 
the charge conjugate field of ^^'/^^ G IZw is '^ ^^ ,]^-. G TZwwq- Therefore, in view of the 
property A G P^ <^ A G P^, the conjugate set of TZ^ coincides with TZwwo- Each 71^, 
w & W becomes a ring isomorphic to the chiral ring 7?.id. However it should be noted 

that although the set U TZy^ is apparently conjugation symmetric, in general two fields 

wew 

4> G IZw and (j)' G IZyj/ with w ^ w' are not mutually local and hence we cannot associate 

a good algebraic structure with the whole set U 7^^. 

wew 

3.2. The R sector 



Specializing the spectral fiow parameter rj = -p with ?] G R in (|3.9|) we obtain a 



one-parameter fiow 




TOi 


" ■ P/ T N 2 c f a- p\ 


7« - 




G^- 


-^ G'^+r,^ : 


and hence 






1 2 "^ r 

9 24 



2 



(3.30) 



(3.31) 

In the sector obtained by applying this fiow with ?7 = 1 to the NS sector the generators 
G"^ , • . . , C"" and G~^ have integer modings. Thus this is a sector analogous to one of the 



R sectors in A^ = 2 superconformal theory. The chirality conditions (|3.15|) as well as the 



primary state conditions for G^ ^ are converted into ground-state conditions 

G^^\R) = 0, G'-^|i?) = 0, r = 0,l,2,... (3.32) 

It is clear that under this fiow a chiral primary field $a = ^a' turns into a Ramond 
ground field ^a+o- More generally, under the fiow corresponding to the choice fy = -w{p), 
w E W in ( |3.30| ) the set TZ^ fiows to the set 

V^ = {<(lS)(^)|^^^t}' (3-33) 

by the rule ^E'^'(^a) ^ ^w(A+ )• -^^ element ^^'(a+ ) °^ '^'^ ^^^ quantum numbers 

^=^' q = j^w{A + p)-w{p). (3.34) 

24 k + g 
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Figure 2. The distribution of [h, q) for U Vw in the 

wEW 

case g = su{3) and the h = plane. 'Star of David' 
sits at the height of c/24. 



This spectrum can also be obtained by an analysis of branching relations 



A,w{p) 



"o{p) 



The charge conjugate field of ^^'ca-T ) ^ '^w is ^^^^ (A+ ) ^ '^wwq and hence the con- 
jugate set of Vw is VwwQ- Therefore the whole set U V^u of R ground fields is symmetric 

wEW 

under charge conjugation. 

At this juncture we should comment on the special feature of the case g = sw(2), i.e. 
the N = 2 minimal model. In this case we have W — {±1} and Vw=+i — Vu,=_i. The 
latter follows from 



V„ 



-1 3 (t)_i{z)\exp 



+i{a+ + a-{l + l)}ip{z)/V2 



t-ii 



{z)\ex.p —i{a+ + a-{k — l + l)}(p{z)/\'2 



J/V2 



gV. 



(3.35) 



w=+l 



where we wrote (i>L,(z) instead of 6 , ^(z) following the standard convention. In deriving 
( ^.35| ) we used gaj^ = — (/c + g)a- and the symmetry property (pLiiz) = 4>kli{z) which 
is the consequence of diagram automorphism. Therefore in contrast to the generic case 
g 7^ su{2) where Vw^id alone is certainly not charge-conjugation symmetric, in the case 
g = su{2) the set V^^+i is the charge- conjugation symmetric set of the Ramond ground 
fields. This in turn implies that the set of chiral primary fields TZ^j^j^i, which is mapped 
onto Vyj=j^i by a spectral flow, also has a symmetry. This is nothing but the Poincare 
duality of the chiral ring. We will say more about this in the next section. Recall that 
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Figure 3. The w(l)" charge distribution of both 

U TZw and U Vw for g = sw(3). The six outer 

wew wew 

equilateral triangles forming a hexagon correspond to 

U TZw while the two inside ones which are overlaid 

wew 

correspond to U Vyj. Each outer triangle goes to one 

wew 

of the two inside ones by a spectral flow mentioned in 
the text. 



it is quite generally argued in A^ = 2 super conformal field theory [^ that u{l) charge- 
conjugation symmetry of the Ramond vacua translates into the Poincare duality of the 
chiral ring. 



4. Topological Conformal Field Theory 

As we have seen in the previous section the higher-rank supersymmetry turns out to 
be a Lie algebraic extension of A^ = 2 superconformal symmetry. According to general 
arguments 0,|| every N = 2 theory yields a topological field theory. So a natural problem 
arises of whether we can produce a sort of topological field theories starting from our 
higher-rank supersymmetric models. Answering this is the main theme of this section. 
We will argue that it is possible to construct topological field theories but to render them 
sensible we must adopt some special procedures. 
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As in the twisted N = 2 theory we begin by assuming that the new stress-energy 
tensor is given by 

f{z) =T{z) + -p-dJ{z) 

= -l-\d^{z) ■ d<f{z)\ + iaop ■ aV(^) + T(pf^(^) . (4.1) 

which generates the Virasoro algebra with a vanishing central charge. In the usual twisted 
N = 2 theory the twisted stress-energy tensor can be expressed as 

fN=2{z)= idz'G+{z')G-{z), (4.2) 

and is claimed to be BRST-exact by interpreting f G~^ as the BRST charge. We want a 
similar 'BRST-exact 'a expression for T{z). To our luck there exists such a formula 

f{z)(xTs{z), (4.3) 

with Ts{z) given by 

/n ai 
J]J]rf;2,,pG'"H^l,l)---G'"^(-2l,ai) 



X---xG"-iZr,,l)---G''"iZn,aJG-\z) 



(4.4) 



/(G'«i)"i...(G'"")""G'-^(^) 



where the positive integers ai, . . . , a„ are defined via 9 = J27=i '^i^i ^^"^ ^^'^ contour of 
the multiple integrals must be chosen appropriatelyQ. Notice that G°'^{z)''s have conformal 
weight 1 with respect to T{z) while G~^{z) has 2. The expression ( [4. 3] ) was first proposed 
in [0 in the context of c = GKO coset models. We note that the twisted stress-energy 
tensor ( [4.1| ) coincides with that appearing in the Gk x Go/Gk model. In what follows we 
first dwell upon the validity of ( ^.3| ) and then we move on to the actual construction of 
topological field theories. 



We will explain later what is meant by 'BRST-exact'. 

Throughout the paper we are rather cavalier about the treatment of multiple integral contours 
although we do not pretend to have succeeded in handling rigorously the contours. Anyway simple- 
minded treatment indeed works as we shall see. 
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4.1. BRST- exactness of the Stress-Energy Tensor - Multiple Integrals 

Our goal in this subsection is to perform some sample calculations explicitly verifying 
the BRST-exactness ( [4 .31 ) of the twisted stress-energy tensor. It remains as a mathemat- 
ically interesting (but perhaps pains-taking) task to accomplish these calculations in full 
generality, namely, to prove ( [4 .31) for all simple Lie algebras with arbitrary levels. We hope 
we can return to this challenging problem in future. 

Before launching to the calculations, we require some definitions; let Mij and m^'s be 
given by 



M 



t-l 9 9 * ' 7 ' 

aiai 



I J 



2P = E 



rmai 



i=l 



In the sequel we will frequently use the relation 

n 

The necessary Lie algebraic data are summarized in Tables 1—3. 



(4.5) 



(4.6) 



• g = ^n, k>l 

To evaluate Ts[z) it is convenient to employ the interacting boson representation of 
parafermions reviewed in sect. 2. After some standard manipulations we find 



/n 
Wdzi 



i=l 
k n—1 



-i6u 



i+^^ 3\zi - z) ^^•'1 ■■'0 ^ 9\zn- Z) ^^^" '■'0 ^ 9 ) 



X _ exp 



X _ exp 



n 



i=l 






oc 



Wdzi 



1=1 
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'n-1 



Y\ {Zi - ZiJ^i){zi - z){Zn - Z) 



,i=l 



1 + - ^ {zi-z){zj-z)A,^{i 



1 < i , j < n 



n-1 



+ Y^{Z^ - zfB,{z) + {Zi - Z) ^{Z^ - Zi+i)T^^ + ...+^^{z) 



i=l 



i=l 



+ {Zi - z){Zn - z)rc,,+...+c,„{z) - Y^ [Z^-I - Zi){Zj - Zj + i)r^. + ...+a^{z) 

2<i<j<n-l 



y^ {zi-i - Zi){zn - z)%,.+...+a^{z) + higher order 



terms 



2<i<n 



where 



(4.7) 



^ij(^) = '.{ia+ai ■ difi{z)){ia+aj ■ d(f{z))\ + T'.{^<^i " dx{z)) ■ {iaj ■ dx{z))\ 
Bi{z) = -ia+ai ■ d'^ip(z) , 



(4.^ 



and 

^°^^)=A? 5Z :exp[za®/3-x(^)]:c^, a e A+ . (4.9) 

peA{su{k)) 

In deriving ( ^4.7|) we have used the properties of cocycle factors summarized in sect. 2. 

Next we make change of variables Zi ^ z + Y[i=i "^^ ^ = 1, . . . , n and integrate over 
Ml by the Cauchy residue formula to reach 



i-i -1 



fs{z) OC fY[du^ul' ' [l-U,)-^ 



i_l 



1=2 



if '^ A " 

- iAll{z)+J2iu^■■■UifA^^i^) +J2^U2---U^)Au{z) 
\ i=l J i=2 



+ ^ {u2---Ui){u2---Uj)Aij{z)+Bi{z)+Y{u2---Ui)'^Bi{z) 

2<i<j<n 



i=2 



n-1 



+ {l-U2)Ta^{z) + ^(w2---Mi)(l-^ii+l)^ai + ---+a,(^ 



i=2 



+ {U2- ■ ■Un)Ta^ + ...+a„{z) -^2(1 " W2)(l - U3) T^^iz) 
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n-1 



^(W2 ■ ■ ■Ui-i)'^Ui{l - Ui){l - Ui+i) Ta^z) 



i=3 
n-1 



^^2(1 - U2)u-i- ■ ■Ui{l -Uj+i)Ta2 + ...+ai(2:) 



i=3 



3<i<j<n-l 

-^2(1 -U2)(M3---Wn)Z^2 + ---+a„(^) 
n-1 

i=3 



(W2 • ■ ■ Mn-l)^Wn(l " Un)Tc,^{z) 



(4.10) 



By repeatedly applying the recursion formulae of the beta functions it is now straight- 
forward to check that 



fsiz) OC I ^ M,jA,j{z) + J2^^B^{Z) + J^ ^a(^) 
i,j = l i=l a£A_|_ 



(4.11) 



which amounts to (U) with T^p^\z) given by (|2?14D 



= i3n, A; = 1 
In this case the parafermions are given by 



ip{z) , if a is short, 
1 , if a is long, 



(4.12) 



where V'(^) is a Majorana fermion satisfying the OPE 

1 



i^{z)ij{z'] 



z — z' 



+ 



Consequently, 



and hence 



:r(pf)(, 



\'iIj'{z)'iIj{z)\ , if a is short, 
, if ct is long. 






(4.13) 



(4.14) 



(4.15) 



aeAj 
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Again it is easy to see 



/n 
dzi Y\ dzi^idzi^2 
i=2 



X 



2 n-1 2 

p=l i=2 p,g=l 



1+i 

9 



n 2 



X {Zn,l - Zn,2)''.ex.p 

X [1 + {Zn,l - ^n,2)!V'(^n,l)V'(^n,2);] 



m+<j tti ■ ((/7(zi) - V7(^)) + J^ J^"i- (y'l^*,?) -'/'(^)) 

i=2 p=l 



(4.16) 



Setting 



^ij(^) = ;(«a+ttj ■ 9(/7(2))(ia+aj ■ d(^{z))\ 



1 



5,(2;) = ^za+tti ■d'^ip{z) 

C{z) = \i;'{z)i;{zy_, 



(4.17) 



we obtain 



Lemma (4.18). For each / = 3, 4, . . . , n, 



/n 
J]^ dzi^idzi^2 



ll{zui-zi,,))-'-Uzi,i-zi,2r'^^^^^ 



priz.,.) 



p=l 



9_ 
2 



Z-1 



Y, M,jA,j{z)+Y,m,B,{z)]+2 ^ /^(C^,g)^^JO 



i=l 



min(i,j)<i — 1 
n 2 

+ 5]] ^ /z(2i,p, ^i,p) 5^(2) + dl{Zn,l - Zn,2)'^ C{z) 
i=l p=l 



(4.19) 
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where we have set Q = ^{zi^i + Zi^2) for z = 3, 4, . . . , n and 

" 2 



.p=i 

n-l 2 



1 + ^ 



(^n,l - Zn,2)<> 



nvi(i 



— z, 



'^jP/ 



Lp=i 



i+i 



(^n,l — ^n,2) 



Li 



3 < Z < n-2, 

Z = n — 1 , 

/ = ??.. 

(4.20) 



The functions fi{u, v) in ( 14.J£| ) are defined for I > 3 by- 



wit h 



fi{u,v) = ai{uv + (1 - w)(l -^;)) +6z(m(1 - ^^) +^^(1 - w)) +Q 



6z = / - 2 , 

Q = ^(^-2)(Z-3), 



(4.21) 



(4.22) 



and 



di^{l-l)ig-2{l-2)). 
Proof. For 3 < / < n — 2 we prove this by induction on /. 



(4.23) 



(i) I = 3. 

First make change of variables Z2,i ^ z + x, Z2,2 ^ z + xy, zi -^ z + xz\ and Zi^^ — s> 
z + xzi^p for z = 3, . . . , n and p = 1, 2 on the RHS of ( f4.16|) and then integrate over x. 
Make further replacement z\ — > Z\-V{\—Z\)y and Zi^.p -^ Zi^p+{1—Zi^p)y for z = 3, . . . , n 
and p = 1,2, then integrate out zi and y using the recursion relations of the beta 
functions. Finally after performing change of variables Zi^p -^ zs,iZi^p + ,23,2(1 — Zi^p) 
for 4 < i < n and p = 1, 2 we arrive at ( [1.19| ) with / = 3. 
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(ii) The inductive step I ^ I + 1. 

Suppose ( [4.19|) is true for an / such that 3 < / < n — 2 and set 2;^^! = x and zi^2 = V- 
Let ((/)), = (/), / (1), where 

{f)i = j dxdyfix, y) [x{l - x)y{l - y)]"'"^ (x - y)-^+l' . (4.24) 

We know from the results in appendix that 

((x + y))i = 1 , {{xy))i 



9-2(1-2) 
I g- 2(1-1) 



(4.25) 



l-l g-2(l-2) 



To prove (|4.19|) for Z + 1 it suffices to show that 



{{fi(xu + y(l -u),xv + y(l - v))))^ = fi+i(u, v) , (4.26) 

fx + y x + y\^ gl /a 07 \ 

/^ (^,^^ + 2/(1-^))))^ = J, (4.276) 

((/z(x,x) + fi(y, y)))i =l(g + l-l), (4.27c) 

di+i = di (((x - y)^))^ , (4.28) 

because then we can reach the desired result first by integrating over x and y while 
taking into account the data in Table 3 and then by performing change of variables 
Zi,p -^ zi+i^iZi^p + ^^+1^2(1 — Zi^p) for I + 2 < i < n and p = 1, 2. The proof of ( [4.26| )- 
( [4.28| ) goes as follows. One finds from ( [4.25| ) that eqs.( [4.26D and ( [4.28| ) are equivalent 
to the recursion relations 

Ig- 2(1-1)' , 

^^+^=(/-l)(^-2(/-2))^"'~^^^' 

6^+1 = ^3^^ (a. -^0, 
Q+i = bi + ci, 
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whose solutions with the initial conditions as = (7 — 1, 63 = 1, C3 = and ds = 2g — 4 
can easily be shown to be given by ( ^^ ) and ( ^T^ . By substituting ( |0^ and ( ^T^ ) 
into ( ^4.21| ) and using ( [4.25| ), we obtain ( [4.27a-c|) . 



Now that ([4.19|) is true for I = n — 2 the case / = n — 1 and then the case I = n can 
be proven by similar calculations as above. D 



If we take / = n in ( [4.19|) , the remaining integrations over Zn,i and Zn,2 can be readily 
done via the formulas appearing in the above proof to find that 



fs{z) oc I ^ M,jA,j{z) + Y,m^B,{z) + dn+l C( 



z) 



(4.30) 



which immediately yields ( [4.3| 



V„. k = 1 



In this case we need not introduce parafermions and we have 



/n—2 
dZi Y\ dZi^ldZi^2 dzn-idzr 
i=2 



n 



n-3 2 
Zl- Z2,p)~^{z2,p- Z)'^'^ J]^ {Zi^p - Zi+l^q)~'^ 
1 i=2 p,q=l 



n-2 



X J_J_(^n-2,p — 2;„_i) (^n-2,p — 2;„) | | {Zi,l — Zi^2^ 



p=l 



X _ exp 



n 

i=2 



1+i 



ZCK-I- 



l,/i=l,n — l,n 



n-2 2 
i=2 p=l 



(4.31) 



Let Aij{z) and -6^(2;) be as in ( [4.17|) and set Q = \{zi^i +2:^,2) for z = 3, . . . ,n — 2. Let 
fi{u,v)^s be defined as in Lemma (4.18). Quite a similar reasoning as in the previous 
case entails 
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Lemma (4.32). For each / = 3, 4, . . . , n — 3, 



/n-2 2 



wiiere 



priz.,.) n 11(^-2,. 

/i=n— l,n p=l 



2 



p ^mJ ^ 



i-i 



J2 M,jAj{z)+Y,m^B,{z)]+2 Yl fi{QXj)A,j{z) 

l<i,j<n-2 



1 < i , J < n 
min(i,j)<Z — 1 

n-2 



i=l 



+ 2 E E/^(^M,C^)^^MW + ^ E /K^M,^m)(^MA^ + 2Sm)W 



/i=n — l,n i=i 



/i=n— l,n 



n-2 2 



■ 2 n-3 2 

.p=l i=l+l p,q=l 



(4.33) 



Piiz.,.) = { 



n ^n-2,p(l - ^n-2,p) ^(^n-2,1 " ^n-2,2 
.P=l 



n-2 

1 + i 
2 



1+i 



3 </ <n-4 



/ = n — 3 . 



(4.34) 



Now set / = n — 3 in this Lemma, integrate out Zn-3,1 and -2n-3,2 and make change 
of variables z^ -^ Zn-2,iz^ + -2n-2,2(l — z^) for (U = n — 1, n. Then further integrating over 
Zn-2A and 2n-2,2, we find 



fs{z)(X (h dZn-ldZn [Zn-l{l - Zn-l)Zn{l - Zn)] ^ " 



2 



l<iJ<n-2 
inin(i,j)<n— 2 



n-2 
MijA,J{z) + J2^^P^iz) 
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+ 9 5Z fn-liz^,Z^){Af,^ + 2B^){z) + fn-l{Zn-l,Zn)An-l^niz) 



/x=n— l,n 



(4.35) 



After performing the remaining integrations over Zn-i and Zn, which can be done without 
difficulty, one ends up with 



fs{z) oc - ^ MijAij{z) +'^miBi{z) , 



(4.36) 



■i-,j=^ 



i=l 



which is equivalent to (|4.3[) . 



^2, A; = 1 

The parafermions in this case can be represented as 



^^wH^S-"'^"^''"''*^ 



if a is short, 



(4.37) 



1 , if a is long, 

where Ai, A2 and A3 are the weights in the vector representation of su{3) and X{z) 
{Xi{z), X2{z)) are free bosons. It is easy to see that if ct is a short root 



T^ (-) = I 



-'dX{z)-dX{z)\+ J2 :exp[i\/2/3-X(2)]: 

/3eA{su{3)) 



(4.38) 



(pf)/ 



and otherwise Ta (z) = 0, so that 



T(pf)(^)^^ 



■dX{z)-dX{z)\+ J2 '.exp[iV2p-X{i 

PeA{su{3)) 

This representation of parafermions immediately gives 
„ 3 2 

fs{z) oc d) Yldzi^p Y[dz2,q 



(4.39) 



X 



p=l q=l 

3 2 



nn(^l'P~^2,g) ^n(^2,g-^) ^(^2,1-^2,2) 



1+i 



X 



E n (^i,p-^i,<?)'^'^-^'+^Nxp 



2 



^«+< 5Z«i ■ {^{zi,p) -^{z)) 



.p=l 



+ J^a2-('/?(22,q)-</'(^)) 

9=1 



exp 



Jv^^Aj^ -(^(^i, 



p=i 



(4.40) 
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We first make change of variables ^2,1 — > -z + x, ^2,2 — > -2 + xy, zi^p -^ z + xzi^p 
{p = 1, 2, 3), and tlien integrate over x. Furtlier replacement zi^p — > zi^p + (1 — zi^p)y for 
p — 1,2,3 yields 



dyYldzl,py-^l-y)-iYlz~^{l-Zl,p)-^ JJ (^i.p - ^i,g)' 
p=i p=i i<p<g<3 



p=i 
2 



+ (1 + 2/) ^{^l,p + (1 - 2l,p)2/} Ai2(^) + -(1 + y)^ A22{^ 



p=l 



+ E^^l'P + ^1 - '^l'P)^>' ^1^^) + (1 + ^') ^2(^ 



p=l 



+ ^(1-2^)' E (^i,p-^m)'^W 



(4.41) 



where 



1<P<9<3 



Aii{z) = \{ia+ai ■ dip{z)f\ - ^\{idX{z)f\ , 
^12(2) = \{ia+ai ■ d(p{z)) ■ {ia+a2 ■ dif{z))\ , 
^22(2) = \{ia+a2 ■ dip{z)f\ , 

B^{z) = Ua+ai ■ d^ip{z) + ]^\{idX{z)f\ , ^2(2) 
C{z)= J2 '.exp[iV2P-X{z)]\. 

f3eA{su{3)) 



-ia+a2 ■ d'^ip{z) 



(4.42) 



The integrations over y and zi^p {p = 1,2,3) can be done by use of the formulae in appendix 

leading to 

2 2 

t{z) « I 5Z M,jA,j{z) + Y, m,B,{z) + C{z) . (4.43) 



i=l 



This can readily be shown to be equivalent to (|4.3| ) with T'-P^-* (z) given by ( [4.39| ) . 
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4-2. Topological Conformal Field Theories - Physical Observables and Correlation 
Functions 

We now turn to the problem of finding physical observables and their correlation 
functions. A prerequisite for some field to be a physical observable would be the nullity 
of its conformal weight with respect to T{z). We can easily spell out such fields among 

^U^AC, where AC = {v^X^.I^/l^), A G P^} • (4-44) 

Notice that these set of fields can be obtained from the Ramond ground fields in sect. 3 
by simply shifting the exponential factors of the bosons. As a consequence of this, the 
charge conjugation symmetry of the Ramond ground states translates into the conjugation 
symmetry under the background charge — 2aop, i.e. q 4^ 2aop — q. More explicitly, 

w(A+p)-p V ^ conjugation 'wwo{A+p)-p V ^ ' V ^ 

and hence the conjugate set of AC is Af-wwo- If we could adopt the set JVw^Afwwo fo^ ^ fixed 
w E W as physical observables of our topological field theory, we would meet no difficulty 
in finding correlation functions since due to the existence of the charge conjugation under 
the background charge —2aop, we can for instance consider 

\ w{A+p)-p wwo{A+p)-p / _2agp ' ^ ^ 

However there exists a nuisance in this. In general, two fields in AC U AC™,, are not 
relatively local and hence it will not be possible to equip AC U ACwq with a good ring 
structure. 

We will consider in the following 

AC=id = {^a{z) = ^i'^z) I A G P^} = 7^^=,d , (4.47) 

as physical observables. A nice thing about AC=id is that its elements ^a, A G P^ form 
a ring and obey 

/rfzG'"^(^)$A(0) = 0, i = l, ...,n, (4.48) 

as we have seen in sect. 3. On the other hand this choice of physical observables apparently 
breaks conjugation symmetry and hence we have to devise a procedure to make viable 
correlation functions. If we have a legitimate procedure to make correlation functions of 
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$a's the conditions ( ^4.48| ) and (|4.3| ) imply, as in usual topological field theories, that the 
correlation functions are independent of the world-sheet positions of $a's. 

Now we wish to tackle the problem of constructing correlation functions among $a's to 
make our topological field theory sensible. But before doing that, we should spend a while 
to think over what the BRST structure of the theory must be. The problem of finding out 
the BRST-structure in our theory is essentially the sameQ as that of extending the results of 
Felder [^ and others [^ to the coset model Gk x Go/Gk using the representation in terms 
of free bosons and parafermions. The latter problem is a formidable task and as far as we 
know there seems to have been no complete analysis yet. Here we can only make several 
conjectural statements which we admit are not based on a rigorous footing. Let JF^ ^, be 
the space of the fields with parafermionic charge (3 and w(l)" charge — ^(ct+A + a_A'). 
The 'BRST charges' or the intertwiners 

will be integrals of products of G"'*{z)^s but their explicit form must be dependent on 
JF^^ ^, and JF^^ ^, . The spaces JF^ ^, and their intertwiners determine a directed graph 
which we suppose coincides with the Hasse diagram of the affine Weyl group of g. We 
conjecture that a part of this diagram is given by 



\ /g"i 



•77" 1 



„ (£(G"i)°^i---(G"")"" 

^^A ^ -^0% ■ (4.50) 



^ (f G"" 



r 



ar 



where we are again sloppy about the contours and the normalization constants of the 
intertwiners. For instance we have T{z) G JFq q and G~^{z) G J^^q- If we could complete 
the diagram with the explicit knowledge of the intertwiners, we could construct the BRST 
complex and discuss its cohomology. As mentioned above this is far beyond the scope of 
the present paper. Our physical observables $a's are in J^q jy and annihilated by ^G^^'s. 
We expect them to be non-trivial cocycles of the BRST complex. 



However there is a slight difference between the two models as we shall explain shortly. 
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The difference between our topological field theory and the coset model Gk x Go/Gk 
resides in the following points. In the conventional Gk x Go/Gk model the generators of 
the chiral algebra are Weyl-invariant (like the stress-energy tensor or W generators) and 
in particular 'u(l)'^-charges are not considered as quantum numbers. Consequently all the 
AC's with different w are physically identified and the 'Kac table' is labeled solely by P^. 
It is believed, however, that in practical calculations of correlation functions one may take 
any convenient representatives from appropriate AC's so as to minimize introductions of 
the screening charges. On the other hand our topological field theory cares about w(l)" 
quantum numbers since it was obtained by twisting the higher-rank supersymmetric models 
which have w(l)" symmetry. Therefore we have to consider correlation functions strictly 
within A/id once we choose A/ia as physical observables. 

Since, by this restriction of physical observables, the original conjugation symmetry 
is lost and it is inevitable to introduce 

(bdzS'^'iz), where ^"^(2) =V'-a,(-2):exp[ia_ai-v7(-2)]:, (4.51) 

which however do not break the BRST invariance since 

= 0, (4.52) 



([dzG^^'iz], (fdzS'^^iz) 



by virtue of 



G'"*(2)5"^(/) = L^;e*«oai-^(^')- + ^^^4, fy^o^i-^iz')-] ^ . . . ^ (453) 

[Z — Z j CHq z — z \ / 

and can be used to balance the excess of the w(l)" charge caused by products of $a's. For 
instance, 

)mi / „ \ m„ v 

•■■U5""j $a$a) = 1, (4.54) 

where 

n 

A + A = A- wo{A) = '^miai. (4.55) 

i=l 

In this way by inserting ^5'""'s one can consider an arbitrary correlation functions of 
$a's and hence one is able to formulate a consistent topological field theory (modulo some 
technical difficulties). 
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According to the general formalism of topological field theory |^,^^, if we have 
BRST-invariant operators of (0, 0)-form there exist (1, l)-forms (or (l,0)-forms if we re- 
strict ourselves to the left chiral part) related via 'descent equations' whose integrals be- 
come again BRST-invariant. Introduction of these extra physical observables can formally 
be interpreted as perturbations of the original topological field theory by the (1, l)-form 
operators. An analogous situation arises here for our topological field theory obtained 
above. Let 

^a(;^) = 4-e(^): expH(a+^ + a_A) ■ ip{z)]\ (4.56) 

for A G P^. It is easy to see that '^a{z) has a conformal weight 1 with respect to T{z) 
and '^Aiz) E Tq[^. Furthermore we have 

G'-^(^)$a(«;) = ^—^^{w) + ■ ■ ■ , (4.57) 

z — w 

and hence 

= Lg'^^Y^ ■ ■ ■ (G"")"" Idwl dzG-\z)^K{vS) (4.58) 

J Jo Jw 

(X (h dw (p dzf{z)^A{w) = 0, 

Jo Jw 

which shows that ^Qdw'^Aiw), A G P^ are BRST invariant observables provided that the 



diagram (^4.50|) is correct. 

Here we should comment again on the exceptional case g = su{2). We noted in sect. 3 
that Vw=+i is charge-conjugation symmetric per se, i.e. Vw=+i = Vw=-i- Similarly, we 
have here Afw=+i = N'w=-i- In other words the chiral ring N'w=+i = 1^^]=+! is symmetric 
under conjugation with background charge — 2aoP which is just a manifestation of the 
Poincare duality in A^ = 2 superconformal field theory. Therefore it is possible to consider 
correlation functions among the elements of AC^+i as in ( f4.46|) without introducing an 



extra machinery. This is the route usually taken in constructing topological field theory 
from the N = 2 minimal model . So we can obtain two possible topological field theories 
starting from the N = 2 minimal model, the usual one and the one constructed here. They 
are different theories and this is particularly evident from the fact that their selection rules 
of physical observables are different. 

As a final comment of this section we should like to speculate on a possible connection 
of our topological field theory to G/G topological field theory. In the existing literature 
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0, GjG theory is formulated by gauging the WZy\[ model. Its physical observables are 
labeled by P^ as in our theory and it has a marked property to the effect that three- 
point functions essentially coincide with the structure constants of the fusion algebra of 
the WZW model. We suspect that three-point functions in our topological field theory 

iVAA'A" = /Us''A ■■■U S"A $A$A'$A"\ , (4.59) 

where 

n 

A + A' +A" = Y^ rma, , (4.60) 

may similarly coincide with the fusion rules coefficients of the WZW model and hence 
the two theories may be equivalent. We remark that a similar idea is proposed when 
the relation between the twisted N = 2 Kazama-Suzuki model and the G/G theory is 
discussed |J2^. Unfortunately the explicit evaluation of (|4.59|) seems quite a formidable 



task. In addition the two theories are formulated quite differently, one in terms of the 
gauged WZW model and the other in terms of a combined system of parafermions and 
free bosons. Thus whether this equivalence is indeed true or not remains open. 

5. Concluding Remarks 

In this paper we have elaborated on the structure of higher-rank supersymmetric 
models which are natural generalization of the N = 2 minimal model and have endeavored 
to construct a class of topological field theories. Although there remain technical problems 
to be overcome for our topological field theories to become fuU-fiedged, we hope we have 
convinced the reader that such topological field theories can really exist. 

We would like to end this paper with the following remark. When the rank of g exceeds 
one, the existence of the extended Virasoro algebra is expected in our topological field 
theory. Suppose that the extended algebra is of the W algebra type, then the W currents 
in topological algebra will take the BRST-exact form. Let us report a tiny calculation 
which exemplifies this idea. We start with a BRST-exact expression 



W{z)= (k{G'''Y'---{G''-Y-\vJ{z)G-%z)\. (5.1) 

It is easy to see that W{z) is a spin-3 field with respect to T[z) provided that 

{2aQp + a+e) ■ V = Q . (5.2) 
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In the case g = su{3), the condition ( |5T^ ) fixes v uniquely up to a multiphcative constant 
and via an exphcit calculation^ we have confirmed for k = 1 



Wiz) (x\ 



3i 



(d^z))' - 3dMz)id^iiz))' + ^ {^^^iz)^'Mz) - dMz)d'Mz)) 



+ ^dMz)d'Mz) - Id'Mz) + ^aVi(^) 



V6i 

y 



(5.3) 



where the RHS is the standard spin-3 generator of the VV3 algebra |]2^,^ . Thus in this 
case we obtain the W3 extended topological algebra. It is a frequently asked but never 
completely answered question precisely in what way the extended chiral algebra such as 
the W algebra and the idea of topological conformal field theory can be combined. We 
hope our higher-rank topological models can shed a new light on this issue in the future. 
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Appendix. Selberg-type Integrals 

In this appendix we gather useful formulas for integrals of the formB 



^ N N N 

J^''\a^,...,aN-Mc) = j X{dz,\[zt^-\l-z,f-^\[{ 

i=l 1=1 i<j 



^i Zj j , 



(A.l) 



where the integration contour must be closed and such that it avoids the singularities of 
the integrand. It is easy to show that 



N 



Um + m) (zT) - (b - 1) 



i=l >- 

where we introduced the notation 

N N 



Z 



m+1 



1 - Zi 



N 



+ Y.2C 



i<j 



m+1 _ m+1 
Zi Zj 



0, 



(A.2) 



(/(^i,...,z^))=y"n^^^n^r"'(i-^^)'"'n(^^-^j)''/(^i,---,^iv), (a.3) 



i=l i=l 



with the aid of Mathematica 
^ cf. refs. HIJI^]. 
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for any f{zij...,Z]\[). By setting m=0 in ( |A.2|) we find 



(^-i)E(r^)) = E«^ + ^(^-i) + ^(^-i)^ 



(A.4) 



where ((/(^i, . . . , z^))) := (/(^i, • • • , zn)) / (1). Using ( [A.4| ), eq.( |A.2| ) can be rewritten as 



N 

E 



(a, + m) {{zD) + {b-l) 



l-z] 



m+l 



1 - Zi 



N 



+ Y.2C 



m+l _ m+l 
Zi Zj 



N 



J2^i + ^(^ - 1) + ^(^ - 1)C • 



i<j \\ "''II 1=1 

Wfien m is a positive integer greater than 1, this becomes 

N 



N m-1 



5^ [a. + 6 + 2(iV - l)c + m - 1] {{zT)) + (^ - 1) E E ((^')) 



i=l 



i=l p=l 



N m-1 

+ 2=EE 

i<j p=l 



N 



'pm-p 



}=Y,<^^ + N{N-l)c, 



i=l 



while in the case m = 1 we find 

N N 

Y,{a^ + 6 + 2(iV - l)c) iz^)) = 5^ a, + N{N - l)c . 

i=l i=l 

For a fixed j such that 1 < j < N replace aj by a^ + 1 in (|A.7| ). Then we obtain 

N 

J] (a, + 6 + 2{N - l)c) {{z,z,)) + (a^ + 6 + 2(Ar - l)c + 1) {{z])) 



Af 



^a^ + N{N-l)c+l 



.i=l 



((%■))• 



Eqs. (|A.6| ) with m=2 and ( |A.8| ) produce 



AT 



Y^ [ai + a^- + 26 + 2(2iV - 3)c] ((zi^j)) 



i<j 



AT 






iV 



E ((^^)) 



i=l 



N 



Ya, + N{N-l)c 



i=l 



(A.5) 



(A.6) 



(A.7) 



(Ai 



(A.9) 
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If we take ai = a for all i (z = 1, . . . , A^), it then easily follows that 



N 



N{a+(N-l)c) 



^^^ " a + 6 + 2 A^-1 c' ^ ' 

1=1 

f //,,^^ iiV(iV-l)(a+(iV-l)c)(a+(iV-2)c) 

iV 



E(<^^(i-^^))) 



1=1 



iV(a + (iV - l)c)(6 + (A^ - l)c)(a + 6 + (A^ - 2)c) 
(a + 6 + 2(iV - l)c + l)(a + 6 + 2(A^ - l)c)(a + 6 + (2A^ - 3)c) 



(A.lOc) 



and 



TV AT AT 

5:((fe-.,)^»=(iv-i)^((4»-2 5; 

i<j i=l j<j 



\ ^i ^j / 



Ar(Ar - l)(iVc + l)(a + (AT - l)c)(6 + (A^ - l)c) 
(a + 6 + 2(A^ - l)c + l)(a + 6 + 2(A^ - l)c)(a + 6 + (2A^ - 3)c) ' 

(A.ll) 



For A^ = 1, j'^^^ (ai, . . . , a^\ b; c) reduces to the beta function B{a, h) and eqs.( |A.10aD and 
( |A.10c|) become the well-known recursion formulas, 

S(a + 1,6) = — ^S(a,6), (A.12a) 
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Dynkin diagrams 



vAr- 



n + 1 



O 
1 



Br 



2n-l 



o 
1 



Vr 



2n-2 



o 
1 



Q2 



-o o 



n-2 n-1 n 



-o > o 



n-2 n-1 n 




< o 

1 2 



Table 1. Relevant Dynkin diagrams and the number- 
ing of their nodes. 
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^rXr 



Bn 



Vr 



o- 
1 

o 



o 



• • • 



• • • 



o <: o 
3 2 



-O 



-o 



-o > o 




Table 2. List of a^'s where 9 = J27=i '^^^^ 
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g 


Mij {l<i<j<n) 


2p = Er=i "^i"i 


•^n 


*J n+l 


n 


^n 


Mij = Z 


n 

2p = X z(2n — 2)0;^ 


Vrr 


Mij = i, I < i,j < n — 2 

Mi^n-i = Min = ^, l<i<n-2 

Mn-l,n-l = Mnn = J 

M 1 — "^"2 


2p-J:2fzn ''^'+'^)a, 
i=i ^ ^ 

1 nfn— 1) / I \ 
+ 2 ("n-1 +an) 


02 


Mil = 6, Mi2 = 3, M22 = 2 


2p = lOcti + 6q;2 



Table 3. Some useful Lie algebraic data. 
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